, ... , N; j = 1 > ... N The case of degenerate critical points is also considered. Problem (1.1) arises in various applications, such as chemo taxis, population genetics, chemical reactor theory, etc. In applications, it is important to locate the maximum points of solutions in S~ , since these may correspond to locations of higher chemical concentrations, certain population, etc.
When is a positive constant, problem (1.1) has been considered by several authors. In these studies both the topology of 0 (see Benci and Cerami [3] ), and the geometry of Q, see [5] , [6] play an important role in the existence and multiplicity of solutions of (1.1). Recently, Ni and Wei 75 EXISTENCE AND UNIQUENESS RESULTS ON SINGLE-PEAKED SOLUTION [9] and Wei [12] , constructed solutions with "single-peak", and the shape and peak location of "least energy" solutions were studied. Specifically, let where u+ = for u E H0(03A9). The well known Lemma implies that is a positive critical value of IE, i. e., cE -and UE is a solution of (1.1), where F is the set of all continuous paths joining the origin and a fixed e E with e > 0 and = 0. It can be shown, see [9] , that cE is independent of the choice of e. A critical point uE corresponding to cE is called a least energy solution (or a Mountain pass solution). For Q a positive constant Ni and Wei [9] proved that uE has at most one local maximum and it is achieved at exactly one point pE E
DEFINITION. -We say that a function ~c defined on SZ is single-peaked, if u has only one local maximum point in 03A9.
The aim of this paper is to show how the nondegenerate critical points of Q(x) play a dominant role (compared to the geometry and topology of 03A9 ) in the existence and the multiplicity of single peaked solutions. In particular, we establish a one-to-one correspondence between the nondegenerate critical points a i of Q(x) in 03A9 and single peaked solutions. It will then follow that if max03A9 Q (x) is attained at only one nondegenerate critical point in Q, then problem (1.1) has, for sufficiently small E, a unique least energy solution, regardless of the shape or the topology of n. The case of degenerate critical points is more delicate. We establish the existence of a single-peaked solution for each strict local maximum point a of Q(x), and if a E n, we show that the peak point pE of such a solution converges, as E --~ 0, to a. However the question of uniqueness of such solutions is still open. That is, it is not known if there is one or more single-peaked solutions whose peak points converges, as ~ ~ 0, to a.
Our procedure is based on arguments similar to that used by Rey [ 11 ] , by A. Bahri, Y. Li and O. Rey [2] , and a degree argument similar to that used by L. Glangetas for a nonlinear elliptic problem involving the critical exponent [8] .
In Section 2 we introduce our notations and establish a result on the profile of single-peaked solutions and the locations of their peaks. In Vol. 15. nS 1-1998. 6 D. CAO, E. S. NOUSSAIR AND S. YAN action 3 we establish the existence and uniqueness of single-peaked dutions concentrating at any given nondegenerate critical point of Q. In Section 4 we consider the case when Q has local maximum points in . We are only able to establish the existence of single-peaked solutions ld study their profile.
NOTATIONS AND PRELIMINARY RESULTS
Let V be the unique positive solution of t is well known that V is radially symmetric about the origin, decreasing or v E E and E > 0, let Notice Inal, in our notation, P03A9,1 = P03A9. [9] . Now suppose that is a positive solution of (1.1), where wE satisfy (2.6), (2.7) and (2.8). We show next that UE is a single-peaked solution of (1.1).
We proceed by contradiction. Suppose u~ has two local maximum points in H. We notice first that if xo = then for any fixed 8 > 0,
We consider now the following two cases:
In In this case we may establish a contradiction using a similar argument to that in Ni and Takagi [10] . The fact that limE-+o pE = limE-+o ~E follows by similar argument as in case (1). PROPOSITION Since ~cE is single peaked, we may use the argument of Ni and Wei [9] to show that for any a > 0, where C~' = G'( a) is a positive constant.
But x~ ---j Xo E ~ 0, and therefore for sufficiently small [11] . We will be sketchy. Moreover, there exists p > 0 such that for 6 small enough A proof of the above inequality was given in [4] . This implies the existence of a unique symmetric and coercive operator AE,y from onto itself, such that for all v E Using these notations, we have 88 D. CAO, E. S. NOUSSAIR AND S. YAN using me impficit function theorem anu arguing as in [11] we establish me existence of a unique C1-map y ~ [11] . We further notice that Proof -We argue as in Glangetas [8] . We Proof of Theorem 3 .l . -Let a be a non-degenerate critical point of (~. We may assume that a = 0. Now ~cE is a single-peaked solution of (1.1) of the form with and v = E F~,y~. By Lemma 3.7, YE ~ 0 as E -i 0, and therefore yE E Bs (0) for any small $, provided E is sufficiently small. Since LE has a unique critical point in Bb ( ~ ) , for small ~, ( 1.1 ) has a unique single-peaked solution of the form Since is uniquely attained at xo ; the conclusion follows from The case x0 ~ 03A9 can be discussed in a similar way.
An example will be given to show that, contrary to the case of nondegenerate critical points in n, a nondegenerate critical point on an doesn't correspond to a single peaked solution of (1.1) with its peak tending to ~Q as E --~ 0.
Let xo E denote a point where Q has a strict local maximum. for u E let consiaer me following minimization proDiem:
It is easy to show that the infimum in (4.4) is achieved, since 2 p 2N/ (N -2). We now state a proposition which is crucial in the proof of The proof is very similar to the proof given in [4] , [11] . We omit it here. To prove Theorem 4.1 it is enough to establish the existence of critical points in M. We need the following estimates. First we introduce the functions as in [9] The following example shows that for a local minimum point of Q, a single peaked solution, with its peak approaching the minimum point, Using the moving plane method in the xl -direction, as in [7] , we see that every positive solution u of attains its maximum in the set = 0~ n B 1 (0). This shows that there is no positive solution of the above problem with single peak near the minimum point (1,0,0,..., 0) of Q.
APPENDIX A
In this appendix, we provide some of the estimates used in sections 2, 3, and 4. We first state the following result, which is a direct consequence of the maximum principle. Proof -Arguing as in Glagetas [7] , we get From Claim (2) 
